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NATTIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 3864

THEORETICAL CALCULATION OF THE POWER SPECTRA
OF THE ROLLING AND YAWING MOMENTS ON A
WING IN RANDOM TURBULENCE

By John M. Eggleston and Franklin W. Diederich
STMMARY

The correlation functions and power spectra of the rolling and yawing
moments on an airplane wing due to the three components of continuous
random turbulence are calculated. The rolling moments due to the longi-
tudinal (horizontal) and normal (vertical) components depend on the span-
wise distributions of instantaneous gust intensity, which are taken into
account by using the inherent properties of symmetry of isotropic turbu-
lence. The results consist of expressions for correlation functions or
spectra of the rolling moment in terms of the point correlation functions
of the two components of turbulence.

Specific numerical calculations are made for a pair of correlation
functions given by simple analytic expressions which fit available experi-
mental data quite well. Calculations are made for four 1ift distributions.
Comparison is made with the results of previous analyses which assumed
random turbulence along the flight path and linear variations of gust
velocity across the span.

The rolling moment due to lateral (side) gusts, which is small, is
expressed in terms of the instantaneous value of the gust near the center
line of the fuselage, so that the effect of spanwise variation in gust
intensity is ignored. The yawing moments are considered to be propor-
tional to the rolling moments with the constants of proportionality given
by simple aerodynamic relations.

INTRODUCTION

The gust velocities acting on an airplane flying through turbulent
air are functions of position or time known only in a statistical sense.
Consequently, aerodynamic forces and moments produced by the 1lifting
surfaces of the airplane can be known only in a statistical sense. If
the statistical characteristics of the turbulence are assumed to be
invariant with position along the flight path, flight through turbulent
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air may be considered to be a stationary random process and the mathe-
matical techniques developed for such processes (see ref. 1, for instance)
may then be used in this problem.

This approach has been adopted in many papers on this subject, among
them references 2 and 3. Inasmuch as in these papers the motions and
.forces associated with the longitudinal degrees of freedom were of primary
interest, the assumption was made, implicitly, that the gust intensity is
uniform along the span at any instant. However, for the problem of ana-
lyzing the motions and forces associated with the lateral degrees of free-
dom, this assumption is inadequate, inasmuch as it implies that the verti-
cal and horizontal gusts produce zero rolling and yawing moments on the
wing. This problem has been treated in references 4 and 5 and elsewhere
on the basis of the assumption that at any instant the gust intensity
varies linearly across the span.

A fundamental method of accounting for the 1ift on a wing due to
random variations of the gust velocities in both the flight-path and the
spanwise directions is given in reference 6 for the longitudinal response
of an airplane in atmospheric turbulence. The approach is based on the
assumption that the turbulence is axisymmetric (according to ref. 7), so
that, at any arbitrary time or position in the turbulence, the statistical
characteristics of the turbulence encountered by an airplane do not depend
on the heading of the airplane. On the basis of this assumption, the
variation of gust intensity across the span can be related to the varia-
tion of the gust intensity along the flight path.

In the present paper the approach of reference 6 is extended to the
calculation of the rolling and yawing moments on a wing due directly to
vertical gusts, longitudinal gusts (hereinafter referred to as horizontal
gusts), and lateral or side gusts. These moments are required as a first
step in calculating the motions of a complete airplane in atmospheric
turbulence; the moments due to the motions caused by these input moments
can be calculated by conventional methods and will not be considered
herein.

In the first part of the paper, a theoretical analysis is made
defining the power spectra of the rolling and yawing moments of a wing
in terms of the statistical characteristics of the atmospheric gust veloc-
ities. By using an analytical expression to define these characteristics,
a numerical solution of the lateral moments is presented in the last
part of the paper.
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* SYMBOLS
L
a = ﬂ'Vl + (k')2
b wing span
c wing chord
c wing mean aerodynamic chord
E(k), K(k) complete elliptic integrals of the second and first kind,
respectively, of modulus k
f longitudinal correlation function for isotropic turbulence
F Fourier transform of £
g lateral correlation function for isotropic turbulence
- G ' Fourier transform of g
< h indicial-response function of time only
h' indicial-response function of time and displacement
I Fourier transform of two-dimensional correlation function

k modulus of elliptic integrals, 2 ; :
k' reduced frequency, aL/U
Ko, K1 modified Bessel functions of the second kind
Ko, K1 incomplete modified Bessel functions of the second kind
T section 1ift
L integral scale of turbulence
« O My rolling moment

P rolling velocilty




UT

Ugs Vg» Vg

X,
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dynamic pressure

yawing velocity (used only in stability derivatives);
linear displacement between any two points

wing area

time

mean forward velocity

displacement along the flight path

component of airplane velocity along positive Y-axis

three components of gust velocity (see fig. 1(a))

reference axes (see fig. 1(a))
chordwise distance

spanwise distance

nondimensional spanwise coordinate, L

b/2

angle of attack, radians

span influence function

integral weighting function

dummy varieble of integration, y,* - yl*

atmospheric density
dummy variable of time

circular frequency, 2y/Period
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Rolling moment

Cy rolling-moment coefficient,
X asSb
. .. Yawing moment
Cn yawing-moment coefficient,
aSb
c oCn
n 2 e—
1% b
> 2
2U
oCy
Clp = —pb
d —
2U
dCn
Cnr B rb
9 —
2U
3¢,
¢, =
iy S b
2u
3¢y
Cnﬁ N
9 —~
U
801
Clp = —
U
¥ correlation function

o power spectral density
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Subscripts:
o] trim value
g gust component

A bar over a quantity denotes the mean value of the quantity. The
absolute value of a quantity is denoted by | |.

THEORETICAL ANALYSIS

Preliminary Considerations

In this section expressions are derived for the power spectra of
the rolling and yawing moments of an unswept alrplane wing or thin lifting
surface of arbitrary plan form due to flight through random atmospheric
turbulence. Essentially, the procedure consists of expressing the rolling
moment at any arbitrary position along the flight path in terms of the
gust velocity at that position, establishing the correlation function
between the rolling moments at any two points along the flight path, and
transforming this correlation function into an expression for the power
spectral density. The power spectrum of the yawing moment is then related
to that of the rolling moment through simple aerodynamic relationships.

Assumptions.- The following assumptions are made in the analysis:

(1) The turbulence is homogeneous and isotropic; that is, the statis-
tical characteristics of the turbulence are invariant under a translation
or rotation of the space axes (although the results obtained for the verti-
cal component of turbulence require only the somewhat less restricting
assumption of axisymmetry).

(2) Time correlations are equivalent to space correlations along
the flight path - an assumption usually referred to as Taylor's hypothesis.
(See ref. T.)

(3) The chordwise penetration factor (the indicial-response influence
function) for the rolling and yawing moments can be expressed as a product
of a function of distance along the flight path (or time) only and distance
along the span only.

(4) The wing considered herein is relatively rigid and, as a result
of the turbulent velocities, performs small motions about a mean steady

flight condition.

The implication of these assumptions and the limitations they impose
on the results of the analysis are discussed in a subsequent section of

the paper.
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Coordinate system and gust components.- The system of axes and the
local velocity field relative to the lifting surface are shown in fig-
ure 1{a). The velocity at each point in the field is resolved into com-
ponents lying in the three planes of an orthogonal set of axes, the X-axis
of which is tangent at every point to the flight path. Throughout this
paper these three components are designated as follows: The component
alined with the X-axis is referred to as the horizontal gust Ug; the

component alined with the Y-axis is referred to as the side gust Vg3

and the component alined with the Z-axis is referred to as the vertical
gust Wy

As the wing moves through the local velocity field, the random vari-
ations in the horizontal and vertical gust components are defined both
in the flight-path direction and in the spanwise direction at every posi-
tion along the flight path. Random variations of these gust components
across the chord are taken into account by indicial-response functions
and, hence, need not be considered separately.

The side gust component of the gust velocity field is treated in
only a limited manner. Neither the chordwise nor the spanwise variations
of Vg are considered along the flight path; rather, Vg is assumed to

act on the wing as a point velocity with a wvariation only along the
flight-path direction. Contemporary aircraft exhibit such wide varia-
tions in distribution of dihedral across the span that it is doubtful
that a generalized analysis could be utilized. The point or centroid
analysis should be fairly accurate when the dihedral distribution is
predominant over only a small section of the span near the fuselage.
Such a distribution is exhibited by an unswept wing with zero geometric
dihedral mounted very high or low on a fuselage. For a wing with zero
aerodynamic dihedrél, this component could be neglected completely.

Definition of gust correlation functions.- In order to define random
variations of the gust velocities both along the flight path and across
the span of the wing as it moves through the turbulence, it is necessary
to define the correlation between any two velocities in the gust field
through which the wing passes. The space correlation function of a veloc-
ity u is defined in terms of the distance r as

X
L) = din = f u(ma) w(m) an (1)

Von Karmén and Howarth (ref. 8) have shown that, in homogenebus isotropic
turbulence, the correlation between two velocity vectors a distance r
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apart can be defined in terms of two scalar functions f(r) and g(r)
and that this relationship is invariant with respect to rotation and

reflection of the coordinate axes. These one-dimensional correlation
functions relate the paired velocity components obtained by resolving

the velocity vector at any two points a distance r apart into two parts:

The pair lying along the straight-line path between the points are known
as the longitudinal components and the pair normal to the straight-line
path are known as the lateral components. These two pairs of components
are pictorially shown in figure 1(b). Such velocity components may be
measured in wind tunnels downstream of a grid mesh. (see ref. 9.)

In reference 8, it is further shown that these correlation functions
are interrslated by the differential equation

r &) 4 £(r) = g(r) (2)
2 dr

By defining the variable r in the coordinate system of this paper and
using the correlation tensor of reference 8, a two-dimensional analysis
of the turbulence as it affects the wing may be made in terms of f(r)
and g(r). The variable in the correlation functions of the horizontal
and vertical gust components in the two-dimensional XY-plane of the wing

is given simply by

r = \/(Ax)2 + (ay)? = \/(U'r)2 + (oy)? (3)

The correlation function of the horizontal gust components, as
derived from the correlation tensor of reference 8, is defined in terms
of x- and y-components of the present analysis by the formula

()
¥, (5,0y) = ug” fl:(Ax)2 + (an)2] +
& ° 0?4 ()2 \] |

2

2
L) = g[\RAxF + (Ay)g} ()
(£5¢) )

The relationship between the components is shown schematically in fig-
ure 2(a).

[
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- In a like manner, the correlation function of the vertical gust
components affecting the wing, given in terms of the mean-square value
4 of the vertical gust veloclty wge, may be seen to be simply
- w2 2 2
Ty (0,0y) = vg© g ()= + (2v) (5)

For the case of side gusts acting on a wing, the correlation func-
tion would be defined in terms of Ax and 4y if the spanwise correla-
tion were considered. (See fig. 2(b).) 1Inasmuch as the side gust is
considered to act only at a point on the span, Ay is zero, and the
correlation function for the side gust in terms of its mean-square value
becomes

Tyy(o) = vg® elox) (6)

- Although the mean-square value of each of the three gust components
is given separate identity, under the assumption of isotropy

ug? = Vg2 = wg® ()

With the gust-velocity correlation functions thus defined, the
forces and moments due to antisymmetric components of the gust-velocity
field acting on a wing passing through that field may be derived in terms
of these correlation functions.

Rolling Moment Due to Gusts

Vertical gusts.- The instantaneous wing rolling moment due to vertical
gusts can be written in terms of an indicial-response influence func-

tion h'(t,y) as

Myx(t) = f_:f_:i h'(tl,y> wg(t-tl,y> dy dty (8)

According to assumption (3) of the section entitled "preliminary Con-
’ siderations" (see also the argument presented in ref. 6), the func-
tion h'(t,y) can be expressed in the form




10 NACA TN 3864

h'(tl,y> = h<t1> 7(y) (9)

where 7(y) is a steady-state span influence function and h/tl) con-
tains the unsteady-1lift effects. The rolling moment can then also be
written as

My(t) = f: h(t1) dt; f:ii 2(y) Wg<t‘tl7Y) dy (10)

If the correlation function for the rolling moment is calculated
from equation (10) and a power spectrum for the rolling moment is obtained
by taking the Fourier transform of the correlation function, the resulting
expression may be shown to consist of a product of two functions: One
function is the result obtained from gquasi-steady considerations alone,
and the other is the absolute squared value of the unsteady-1lift function
for sinusoidal gust penetration such as that given by Sears in refer-
ence 10. Consequently, consideration will be confined to an analysis
using quasi-steady expressions for the rolling moment; that is, the lag
in buildup of 1lift across the chord of the wing due to the gusts is not

included.

In quasi-steady flow, the rolling moment of a wing due to a variable
angle-of-attack distribution across the span is given by

My aSbCy

1]

I:;i E(y)] aely) y dy (11)

where section 1ift

U(y) = cy(y) a c(y)

and local angle of attack due to gusts

Qg = Wg/U
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Now, one theorem of linearized airfoil theory states that the 1ift (or
rolling moment) on a wing due to an arbitrary spanwise angle-of-attack
distribution is equal to the integral over the entire wing of the product
of the spanwise 1lift distribution due to a unit constant (or linearly 7
varying) angle of attack and the given arbitrary angle-of-attack distri-
bution. Hence, the rolling moment is also given by

asbCy = f_:i {l(y)]a;y ag(y) dy (12)

This theorem is valid not only in steady but also in indicial flow.

(See reciprocity theorems of ref. 11.)

When the indicated substitutions are made, the‘rolling-moment coef-
ficient along the flight path is

0 - fb/e aG) )| wglny)
X)) = — —_——— L=
L 02 /e | Gy U
-Gyt
= —m- ‘/:1 7’(3’*) Wg(X;y*) dy* (13)

where y* = 4 and the steady-state 1ift distribution
b/2

i

(%) e (5%)

Sy = | e (14)
'Clp c

pertains to a linear antisymmetric angle of attack across the span. It
may be seen that, by virtue of its definition, 7(y*) must satisfy the
relation .

1
L y(y¥) y* dy* = 2 (15)
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Horizontal gusts.- In analogy to the analysis of the preceding sec-
tion, consideration will be confined to the quasi-steady case. When
stability axes are used, a change in forward velocity at any spanwise
station increases the magnitude but does not change the direction of the
1ift and drag vectors. Thus, the horizontal-gust contribution to the
dynamic pressure is

2(y) = 50 q[ugly) + U]2 - 2

I
M=

p(ug2 + 2ng)

]
-

ug (y)

under the assumption that ug'<< U. When this linearized approximation

is used, the 1lift on each section is proportional to the local angle of
attack:

The rolling-moment coefficient due to horizontal-gust velocities 1is
thereby defined as

'Czp o 1
() = —2— [ |79 ugly®) ayr (16)
where now
2o A=
cz(}’*) C(Y*) U
7 (y*) = (17)

-C c
lp

The only difference in evaluating 9(y*) for horizontal and vertical
gusts lies in the definition of the parameter having a variation of y*
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across the span; for the vertical gust, that parameter is taken as the
additional angle of attack and, for the horizontal gust, that parameter

is 2ag % The condition that

1
fo Wy¥) y* ay*¥ = 2

remains unchanged.

Antisymmetric Span Influence Function ¥(y%)

The antisymmetric span influence function y(y¥) is defined over
the span so that any given distribution of y(y*) will produce a unit
rolling moment. These distributions refer to the span loading due to

L3 a linear angle of attack o = y*¥ for the vertical gust or a linear

leading-edge velocity 2oo % = y*¥ for the horizontal gust. Four basic

variations of 7(y*) have been considered with the proper constants so
that equation (15) is satisfied. The equations for the y(y*) varia-
tions considered are given in table I and plots of these variations are
shown in figure 3%(a). The names given to the four distributions obtained
by rolling the wing refer to the distributions which would be produced
by a uniform angle of attack.

Correlation Function of the Rolling Moment

Vertical gusts.- The autocorrelation function of the rolling moments

due to vertical gusts at any two stations along the path of the wing is
defined as

= lim = [Xc \ C dx (18)
Icl (X2'Xl> - X—J-I>n°° —2_X_ J _x L (Xz) 1<xl) 1
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With the substitution of the expressions for CZ(XQ) and Cl(xl) as
given by equation (13), the correlation function of equation (18) becomes

X0 2 pl 1
1 7'2 ¥* *
Yo, (Xo=-%x7) = lim — f y(y1*) w (x yi¥* dyl*f 7(y2*) Wa X0, Yo ) dyy* dxy
Cz( 2 1) ¥—o X J x 162 Y -1 ( 1 ) e\l ) 1 3(

c1p2[11**.lfx . . . e x
Ié—UE Jo1 ‘/-’-\l 7(yl )7(y2 ) Xilium X X wg(xl’yl ) Wg(xe,ye ) dx) dy;* dyp

6.2 a1l
ﬁ f.l f.l 7(y1*) 7(y2*> I"g(x2"‘1’y2*'yl*) Wy* wp* (19)

where it 1s assumed that the functions are convergent under either order
of integration. An expression is thus obtained for the correlation func-
tion of rolling moment in terms of the correlation function of vertical-
gust velocity. In equation (19),

X
1
Iwg(xe-xl,ya*-yl*> = lim = f . wg(x1,y1*) wg<x2,y2*) dxq

X—>x

is the same as the two-dimensional correlation function defined earlier

as equation (5) with Xp - X3 = &x and yo* - y¥ = Ly* = g%g.

By the proper substitution of variables, the double integrals of
equation (19) may be separated into the single integral of the product
of the integrated weighting functions of y(y*) and the correlation
function ng. Thus, with the substitution of

X2—X1=UT

* _ * =
VX - yy* =
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equation (19) becomes

¢, 2 r2 :
i, (07) = =2 [ e g (o @ (20)
where
1-q
r(n) = L/; 7(y1f> 7(y1*+n> dy* (21)
and

bn 2

T (UT) = g2 & \/(m)2 + (D) (22)

Equation (22) may be recognized as being equivalent to equation (5).

Horizontal gusts.- In an identical manner, the autocorrelation func-
tion of rolling coefficient due to horizontal gusts at any two stations
along the path of the wing is derived by use of equations (16) and (18):

lim-l—fXC(x>Cx dx
X J_y 2 1(1) 1

X—

Yo, (¥27*1)

%201p2 pLopl
ll-Uz J —lj-l 7(yl*) 7(y2*) gug (XE_X]_’Y2*"Y1*) dyl* dye*

il

With the same change of variables as in the preceding section,

2¢, 2

2
g, (U7) = % fo P(n) Fy(Ur,n) dn (23)
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where
— (U )2 b 2
Ty, (UT,m) = ug > u " fN(UT)Q + <-é”-> +
(UT) + (—2—>
e
2 g \]<UT>2 ¥ (91‘-) ’ (24)
5 b1 2 2
(UT)° + (——)
2 )

and equation (24) is now the equivalent of equation (4). The integral
weighting function r(n) is the same for both the horizontal- and the
vertical-gust contributions to their rolling-moment correlation functions.

Integral Weighting Function T'(n)

The integral weighting function TI'(n) as defined by equation (21)
has been evaluated for the four distributions of y(y*) given in table I.
These values are listed in table II and plotted against n in figure 3(b).
It may be shown that the nature of the function is such that the
relationship

2
JREDEET (25)
0

must be satisfied for any variation of I' which pertains to an anti-
symmetric variation of y(y¥). 1In table II the elliptic distribution

is given in terms of K(k) and E(k), which are complete elliptic inte-
2 -1
2+
The derivation of the elliptic weighting function is included in the
appendix of the paper.

grals of the first and second kind, respectively, of modulus Kk =

Power Spectra of the Rolling Moment

The power spectrum of the rolling-moment coefficient Cy is defined
as the Fourier transform of the autocorrelation function of Cy:
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o -i%ur
®01(09.= :% L/iw ﬁcl(UT) e U 4(ur) ' (26)

For the vertical gusts, the power spectrum of the rolling-moment
coefficient may be found by substituting the derived relationship for
fCZ(UT) given by equation (20) into equation (26):

2
Cy ® _i0yr P2 |
b (@) = —2= [ U [T p(n) g, (Ur,n) an a(ur)
l &TUB -0 0 g -
2
[ [T, ) an
= — NG Ur, a(ur) 4
. o Vo e ng n Y
2
Cl V2
- 2 j r(n) Iw<%)’ > dn (27)
&P Y0

Changing the order of integration here is permissible inasmuch as the
integrals of the correlation function of wg are convergent in both Ut

and 7. The integral I, is defined as

‘ © 3% |
) = S oY gl o) (26

-00

Similarly, the power spectrum of rolling-moment coefficient due to
the horizontal component of gust is obtained from the substitution of
equation (23) for the term ijcz(UT) appearing in equation (26):

o 20 2

1 2
o, (o) = —Z—ﬂ—{f— f‘o r(n) Iu<%’,n> an (29)
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where the integral I, in equation (29) is defined as

Iu(%ﬂ]) = f: e_i%)UT ’ﬁug(UT,n) d(Ur) (30)

Thus, for two of the three components of turbulent gust velocities,
the power spectrum of the rolling-moment coefficient is dependent on the
integration of a function of the lifting distribution of the wing times
a function which represents the Fourier transform of the correlation
function of the vertical and horizontal gust components over the wing

span.

As previously stated, these results are based on quasi-steady con-
siderations. Unsteady-lift effects can be taken into account simply by
multiplying the power spectral density of the rolling moment due to each

2
@(%%) , where ¢ is the Sears function

gust component by the function

given in reference 10.

Approximation for Side Gusts

As pointed out previously, the side gust 1s treated here only in an
approximate manner; that is, the spanwise effect is neglected. Based on
this approximation, the rolling-moment coefficient is defined as

()
C'L(X) = ClB v—g%—-—— (31)

The correlation function is defined by

CIBQV_gE
¥, (Ur) = ———Ue— g(Uur) (32)

and the power spectrum is defined by

2, 2
CZB a'2

(I)Cl((D) = ———U?— G(U)) (55)
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where

o 197
G(w) = iU f e U gur) a(ur) (3)

X -®

Relations Between the Yawing and the Rolling Moments

No attempt is made herein to calculate directly the yawing moment
due to atmospheric turbulence. Because of the more complicated nature
of the phenomena which give rise to drag, as compared with those which
give rise to 1lift, such an undertaking would be quite difficult. Further-
more, in view of the fact that the yawing moments on the wing due to tur-
bulence are relatively small, a detailed analysis would not generally
be warranted: In this section, therefore, an approximate procedure 1is
outlined for obtaining the yawing moments from the rolling moments.

The yawing-moment coefficient due to sideslip can be expressed in
the form

Cn = Cnﬁ(@) B

where, in this case, o is the sum of the trim angle ay and the

W
instantaneous mean vertical-gust angle 7%, and where B 1is the instan-

e
taneous mean side-gust angle —5, so that
U

where the second term is of higher order and is neglected. Similarly,
differences in vg along the span give rise to higher order terms.

The rolling moment can be expressed in the same form, so that the
relationship between the yawing and rolling moments due to side gusts
is given by

C
Cnlvg) = EI{E 0y () (35)

Blag
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Actually, this contribution to the yawing moment is generally negligible
and is included here primarily for the sake of completeness.

For the yawing moments due to vertical and horizontal gusts, similar
reasoning may be employed. The yawing moment in these cases arises from
the antisymmetric part of the instantaneous angle-of-attack distribution
due to turbulence, as does the rolling moment, so that the two moments
may be expected to be approximately proportional to each other; that is,

C
Calvig) = E:—p 0y (wg) (36)
Plog
C
Cnlug) = E_zfi_ ¢y (ug) (37)
r
%o

In essence, these relations imply that the yawing moment due to a given
instantaneous spanwise gust distribution is the same as the yawing moment
due to a linear gust distribution which has the same rolling moment. The
deviation of the actual distribution from a linear one results in small
differences in the vortex field and, thus, in small differences in the
induced downwash. These differences lead to a contribution to the yawing
moment which is believed to be small and, hence, has been ignored.

In terms of their power spectra, the yawing moments are’defined as

cn.\ 2 ]
an( (D) = -Cl—r @Cz (U.))
Ug r Ug
Qo
o 2
n
Vg 7'B Ty Vg
o 2
n
_ D
¢Cn(w) = E{—> CDCl(w)
Vg P/ay Ve |

The power spectra of the rolling moments are defined in the preceding
sections.
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APPLICATION

Approximations to the One-Dimensional (Point)
Correlation Functions

In order to evaluate the effects considered in the preceding part
of the paper, calculations will now be made by using the results derived
therein. These calculations will be based on a simple analytical expres-
sion for the longitudinal point correlation function which has been sug-
gested in reference 12 on the basis of measurements in wind tunnels:

=l

fry=e L (39)

where I is the longitudinal scale of turbulence defined for any longi-
tudinal correlation function f(r) by

L= fom f(r) dr (40)

The characteristics of clear-air turbulence measured in the atmosphere
(ref. 13) may be shown to be reasonably well represented by equation (39),
with a value of 1L of approximately 1,000 to 2,000 feet. There are some
theoretical objections to this function - primarily the fact that it has
a nonvanishing slope as r—>»0 and, hence, that the associated power
spectrum does not decrease rapidly enough for very short wavelengths.

These conditions imply that the mean square of the derivative of the gust
velocity with respect to the space coordinate is infinite. However, from
available measurements on atmospheric turbulence, it appears that equa-
tion (39) remains valid to distances which are small compared with the
span of the alrplane (on the order of several inches), and the behavior

of the spectrum at very short wavelengths is relatively unimportant because
airplanes cannot respond to them to any appreciable extent. Therefore, in
the absence of more reliable information all calculations described in
this paper are based on equation (39).

The corresponding lateral correlation function related to f(r) by
equation (2) is found to be

L=l
g(r) = <l - £§J>e L (41)
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A plot of the functions given by equations (39) and (41) is shown
in figure 4. Their respective power spectra, denoted by G(k') and

F(k') where k' = %%, are given by

F(k') = = —21 (k2)
1+ (k')2
12

G(x') = L L+ (k') (43)

nU [l .\ (k')2]2

These power spectra are plotted to a logarithmic scale in figure 5, where
it may be noted that the asymptotic slope as k'—>» has a value of -2.0.

Calculations for Vertical Gusts

Rolling-moment correlation function.- When equation (41) is substi-

. . 2 . [bn\° .
tuted into equation (22) with r =\[(UT)c + (2§> , the correlation func-

tion defined by equation (22) becomes

2

5| - L (UT)2+<%?>

¥, (UT,0) = wg2 |1 - -;E\](UTF + (b—;l> e v (1)

Inasmuch as the evaluation of the rolling-moment correlation function,
as such, is not necessary to the analysis of this paper, only limited
consideration is given to the calculation of autocorrelation functions.
Equation (20) has been evaluated in closed form for the case of the
rectangular distribution of the span influence function 7(y*) as given
in tables I and II:



NACA TN 386k 23

i

2 2
¥c, (U7) 5wg201p2 /;2 (’+ - 612 + n3>\i1 - 'zlz\f(uﬂ2 + (b—'}) }e—%d(m)%’(?él) an

w2

70 2 \ 12,2 _\, 12,,2
ey u(xe + 6+ B.z)wﬁ.z UV L AN (12x2 AL I 12B'2>e BT

R

(ux5 + 1202 - 3% 4 2 EM)e_x + B'Bx[ﬁl(a’,x) - xﬁo(a',x)] (45)

where Ky and K3 are defined in reference 6 as incomplete modified
Bessel functions where

N sinh™1 —
Ky(B',N) = ‘/ﬁ A g-N\ cosh @ cosh ve do (46)
0
and
v _ Db Ur
= -A = e——
P L L

These two parameters represent the ratios of the distances b and Ur
to the integral scale of turbulence L. The parameter p' reflects the
size of the wing span relative to the characteristic size of the turbu-
lence and, as such, is one of the more important parameters appearing in
all the calculations involving spanwise correlation. It effectively
scales the magnitude and shape of the correlation functions and power
spectra and, in the limit as B'—>0, the equations for the antisymmetric
moments likewise go to zero inasmuch as no rolling or yawing moment will
exist when a finite span shrinks to a point.

The parameter A is a measure of the flight-path distance relative
to the characteristic size of the turbulence and, in the limit as A—0,
the correlation function must reduce to the mean square value of the
rolling-moment coefficient; hence,

€12 = Yo (A = 0)
2 2
BWg ) ,
- =P (3[3'5 + 12[3'2 + 2kg' + 2l+>e'B + [3'5 - 24 (47)
B'uUE
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Inasmuch as no adequate tables appear to be available for the func-
tions KO and Kl, a numerical evaluation of equation (45) has not been

made. However, an analysis of this correlation function with other
approximations for f(r) 1nd1cates that the effect of span loading is
minor and that a reduction in B' attenuates the correlation function.

Evaluation of IW(Q,n>.— For the vertical gust component, the inte-
U

gral definition of IW<%%n> is given by equation (28) whereas {, (Ut,n)
g

is now defined by equation (44). The indicated integration may be per-
formed in closed form as a function of 1 and the reduced frequency
parameter k'. Thus,

457 [ W}W

where

k' = 9&
U

and KO and Kl are modified Bessel functions of the second kind of

order O and 1, respectively.

A plot of equation (48) is shown in figure 6 as a tunction of the
frequency parameter k', for a range of values of B'n/2 from O to 1.0.
Although the physical significance of the function I 1is rather obscure,
the plots are useful in the subsequent numerical integration of the prod-
uct of Iy and T.

Power spectrum of rolling moment.- In general, the analytical solu-
tion of equation (27) for the power spectrum of the rolling-moment coef-
ficient due to vertical gusts, when possible, is a tedious process.
Numerical integration by means of either Simpson's rule or some inte-
gration process of higher order is generally preferable to integration
in closed form. However, the analytical evaluation of equation (27) for
the case of a wing with rectangular span loading is given here in order
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to illustrate some of the characteristics of the equations. After the
indicated substitutions are made, equation (27) becomes

—_— ! 2 1 N
bugicy ® e (%) E—”Ll v 506
_— u/\ (4 - 6n + n5> A N A = Ky | dn

& 0 1+ (k)7 2
lZl + (k')

L i

®Cz(k') -

for which the integrated solution is

2 2
18Wg LCIP i

a
0, (k') = / aB(k')e\/; Ko(x) ax + {;4 + 1682 EA- (k')Eﬂ} Ko(a) +

mﬁéﬂ%+(kwﬂ2

{2a5[} - (k')?] + 32a[i - (k')é]] Ky (a) + 2a2[} - 3(k')é] - 32[? - (k')?] (49)

where a = B'Vl + (k")2, k'= %%, and Ko(a) and Kqj(a) are modified

Bessel functions of the second kind of argument a.l Equation (49) is
plotted in figure 7(a) as a function of k' for a range of pB' Dbetween
0.03125 and 1.0. :

For small values of frequency w (and hence k') or scale factor B',
equation (49) becomes poorly behaved because the solution takes the form
of small differences of high-order terms. The reason for this may be seen
by expanding the Bessel functions in their power-series form and grouping
like powers of the variable a. The coefficlents of the first three terms
of the power series a'u, a'2, and a° (which are the predominant terms
for values of a < 1) are identically zero. Under these conditions, small
computing errors or the lack of significant figures will cause large inac-

curacies in the numerical evaluation of the function.

The difficulties just described may be overcome somewhat by evaluating
equation (49) for the limiting case of k' = O:

D 2
18w~LCq

3!1"

(o + 168" 2)k0(p") + (6817 + 58" Ka(p') + 282 - 32
U8

'— —
o, (k'=0) =

(50)

lValues for the integral of Ky may be found in several publica-
tions, one of which is reference 1k, table 2 (Zahlentafel 2). A com-
prehensive listing of other available mathematical tables including these
Bessel functions is given in reference 15.
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When the Bessel functions are again expanded in powers of B', only several
terms are needed to evaluate the function at small values of p'. As before,
the coefficients of all negative orders and the zero order of B' are
identically zero. \

The physical necessity that, as the span b approaches zero, the
expression for the power spectrum of the rolling-moment coefficient must
also approach zero is satisfied by equation (49) inasmuch as the lowest
order term with a nonzero coefficient appearing in the equation is a?
(as pointed out above); that is, for b—0,

Cbcl(a)) ~ (Constent) a2 = 0

In order to compute QCZ for the other three types of distribution

of wing loading given in tables I and II, a numerical-integration process
involving Simpson's three-point rule of integration was employed. The
power spectra thus obtained are plotted in figures 7(b), (c), and (d).
This method was also used for the rectangular 1lift distribution and was
found to give good agreement with the analytical results.

It is of interest to note that whereas the power spectra of the
vertical gust approach a logarithmic decrement of -2 (see fig. 5), the
rolling-moment power spectra shown in figure 7 approach a decrement of -3.
At the low-frequency end of the spectrum (long wavelengths) the power
appears to approach a constant which is zero only when B', the ratio of
span to scale of turbulence, is zero.

Some simplified approaches to the calculation of the rolling power
of gusts (for example, ref. 4) lead to the result that the spectrum of
the rolling power of the vertical gust appears as the first derivative
(slope) of the vertical-gust spectrum. As may be seen from figure 7,
such an approximation is justified only in a very small band of frequencies
for wings having small values of B'.

Calculations for Horizontal Gusts

Rolling-moment correlation function.- When the expressions for f(r)
and g(r) given by equations (39) and (41) are substituted into equa-

2
tion (24) with r = v{(U’r)2 + (%?) , the one-dimensional correlation func-

tion for horizontal gusts becomes
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2 ’ 2
yug(UT:ﬂ) = E;E 1- = (%?> é- \(UT)2+(%?> (51)

l h

The correlation function of rolling moment is obtained by inserting equa-
tion (51) into equation (23) and integrating. For a rectangular distri-
bution of (y¥),

2
5ug——2%201 2 a2 (%) - E\/( UT)2+(93>2
__—p/" (14.-61]+n3)1-_l-..____-._.__e1' 2/ g

Yo, (Ur) = 1
1 U2 Jo 2L (UT)2 . (Pﬂ)a
2
PhugPag2Cy 2 | 13
= _—%U—;:%L EE_ kﬁl(a',?\) + 2[({5'2 + 6>\/[3'2 N 3[3'2 +
Bl
[2.2
a2 4 6}' U 4(32 + 3h + 3)eD (52)
and
- 48;—§§ 2c
g Yo ~l o) B
C12= 5 p{(ﬁ'3+5;3' +6B'+6)eB —6J (53)
Up’

As in the case of the vertical gust, the correlation function has not
been calculated for the other three distributions of y(y*) for the
reasons already given.

Evaluation of Iu<%%n).— The evaluation of I, as defined by equa-

tion (30) for the case of the horizontal gust, is given by the expreésion
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e n> e” f: R i (%-H>2 e J(UT)2+(%>2 a(ur)

X0

ool [

B'n :
2(_) 1 t 2 p
2 B n2| [P Tl) B'n\ "he
mKl > 1+ (k') <——2 Ko—e‘)lf(k)
(54)

where k' = %?, and Ky and K; are the modified Bessel functions of

1
the second kind of argument B 1+ (k')e.
2

The function given by equation (54) is plotted against k' in fig-
ure 8 for values of p'n/2. Values taken from this plot may be used in
the numerical integration of the power spectra of the rolling-moment
coefficient.

Power spectrum of rolling moment.- The power spectrum of the rolling
moment due to the horizontal components of turbulence acting on the wing
has been determined by using the expression for I,; obtained in the

preceding section and the four distributions of the parameter {n) given
in table II. The integral of equation (29) has been evaluated numerically
for all four cases of load distribution, and the resulting variations of
the power spectrum with frequency and p' are plotted in figure 9. 1In
addition, the analytical solutions for the cases of rectangular and par-
abolic distributions are given here and their numerical values were
checked against those obtained by the numerical-integration process. By
use of equation (54), the solution for the rectangular case is found to

be
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o 24 2 - B'n :
Sug LaoCy L/;Q (4 - 6n + nj) _1f§;%;255 K, - 6%592K0 an

®Cl(k') 5
nU

2

16a(a2 + 4)Kp(a) - 64 (55)

where a = B”vl + (k')2 and k' = %?. The analytical solution for the

parabolic distribution is given by

. 2

o¢, (k') = [(209:36 + 25,34kat + 331, 776a2)K0(a) +

7:1U5a8[1 + (k')g]
(a7 + 3,424a5 + 133,632a3 + 663,552a)K1(a) +
. a
(a7 + 632°) f Ko(x) ax - 1,120a" + 32,25682 - 665,552]
0

(56)

A comparison of the values obtained for equations (55) and (56) and
plots of the results obtained by the numerical-integration process indi-
cated no difference, and none is shown in figure 9.

Tt is significant to observe that very little variation exists in
the power spectra of figure 9 for the four span loadings considered.
However, as compared with the rolling moment due to vertical gusts
(fig. 7), the rolling moment due to horizontal gusts is relatively small
for small values of trim angle of attack. Although no exact expression
for the ratio of the power spectra of the rolling moments due to Ug

and Wg may be given without including B' and 7, it may be seen from

figures 7 and 9 that, in general,
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0]
Czlwg ~ 0.2

3 ’ 5 (57)
Cy ug o)
where a5 is given in radians.
Calculations for Side Gusts
For the side gust considered, the correlation function of the

rolling-moment coefficient as given by equation (32) becomes

g [, Jue]) - 1

¥ (Ur) = 1- e L (58)
1 u2 2L

and the variation of this function with UT/L is, of course, equal to
the variation of equation (41) with r, which is plotted in figure k.

The power spectrum of the rolling-moment coefficient as given by
equation (33) with G(k') given by equation (43) becomes

2 2
C‘LB Vg i 1+ 5(k|)2

(59)

O, (k') =
“ 2Ud [1+ (k')g]E

ol
U

The variation of the spectrum with frequency k' = is shown as the

G(k') curve of figure 5.

DISCUSSION

The purpose of this section is to discuss the implications of the
assumptions made in the analysis of this paper, the reasons for making
these assumptions, and the application of the results.
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Assumptions Concerning the Nature of Turbulence

“ The turbulence was assumed to be homogeneous in order to make the
problem stationary in the statistical sense and thus permit the use of
the mathematical techniques developed for such problems. In a practical
sense, turbulence can be homogeneous only in a limited body of air. The
assumption thus implies that the dimension of this body of air along the
flight path is large compared with the distance traversed in the reaction
time of the airplane. 1In the case of loads studies this reaction time
is of the order of the time to damp to one-half amplitude, but, in the
case of motion studies, the reaction time may be much larger. Obviously,
the greater the body of air, the greater the reliability with which the
loads and motions can be predicted (in a statistical sense) for one run
through it. In general, turbulence at very low altitudes, which may be
influenced significantly by the configuration of the ground, and the
turbulence in thunderstorms may not be sufficiently homogeneous for this
type of analysis, but other types of turbulence are likely to be sub-
stantially homogeneous over sufficiently large distances.

Isotropy was assumed in order to permit the required two-dimensional

- correlation functions to be expressed simply in terms of the one-
dimensional correlation functions. For sufficiently short wavelengths
all turbulence is isotropic (see ref. 7), but for long wavelengths it

* can be isotropic only if it is homogeneous (both in the plane of the
flight path and perpendicular to it). (The condition of axisymmetry is
less restrictive inasmuch as it does not specify the variation of the
characteristics of the turbulence in the vertical direction.) In prac-
tical problems, if the turbulence may be assumed to be homogeneous, the
conditions of isotropy are likely to be satisfied sufficiently to permit
the use of the approach presented herein for all but very long wavelengths.
The wavelength at which this approach ceases to be valid depends on the
size of the body of air under consideration, being longer for a large
body.

Taylor's hypothesis implies that the variation in gust intensity
that prevails along the flight path at any instant will remain substan-
tially the same until the airplane has traversed the given body of air.
The required correlation functions for atmospheric turbulence are thus
in the nature of space correlation functions (rather than time correla-
tion functions) and have been considered as such. The statistical char-
acteristics of the turbulence are then independent of the speed at which
it is traversed. Clearly, the validity of this hypothesis depends on
the flying speed of the airplane and it would be expected that, at very
low speeds, the hypothesis of Taylor becomes less valid and the results
may be less accurate. On the basis of present knowledge, no definite

» lower limiting speed can be quoted. The effect of finite flying speed
on the gust correlation function can be expected to be most proncunced
for large distances, where the correlation is weak. Thus, the effect
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on the various spectra is likely to be small and to occur at the longest
wavelengths, where, as previously mentioned, the spectra are somewhat
uncertain for other reasons as well.

For practical purposes, the parameter L (the integral scale of
turbulence) used herein is a largely fictitious quantity, inasmuch as
it is, to a large extent, proportional to the values of the gust spectra
for infinite wavelengths. 1In view of the uncertainties in the values
of the spectra at long wavelengths and the fact that the spectra in this
region predominantly define the area under the integral, the parameter L
has little physical significance. Therefore, at present, insufficient
information is available to give an exact value for I to be used in
connection with the numerical results calculated herein. However, on
the basis of the measurements such as those of reference 13, a value
of 1,000 to 2,000 feet appears to be appropriate for the conditions of
the referenced tests. It is desirable to obtain more information con-
cerning the spectra of atmospheric turbulence under a wider range of
conditions. More definite values could then be deduced by fitting meas-
ured results by means of an analytical expression of the type used here.
This expression could be used as a means of obtaining a value of L by
extrapolation of the measured results to infinite wavelengths (zero
frequency).

Assumptions Concerning the Aerodynamic Forces

The fundamental assumption concerning the aerodynamic forces is
that they vary linearly with gust intensity. This assumption implies
that the ratio of the gust speed to the flying speed must always be
fairly small; if the aerodynamic forces and moments tend to vary with
gust intensity in a nonlinear manner, as the wing yawing moments do for
all angles of attack and the other forces and moments do for high angles
of attack, the ratio of gust intensity to flying speed must be very
small - about 1/50 or less. However, as previously mentioned, the wing
yawing moments due to gusts are likely to be quite small, so that some
error in them due to slight deviations from linearity is not likely to
affect appreciably the results of an analysis of the lateral motion.
Hence, for an airplane flying at small angles of attack and at speeds
of about 200 knots or more, in continuous turbulence, the assumption of
linearity should be valid; for flight in severe thunderstorms, it is
not likely to be wvalid, and, for flight at high angles of attack, it is
likely to be valid only for light turbulence.

The rigidity of the wing, which was mentioned in the list of assump-
tions, enters only indirectly into the problem considered herein. The
results obtained here are valid whether the wing 1s rigid or not. How-
ever, in the case of flexible wings (the term "flexible" being used to
describe-wings with deformations which give rise to appreciable aero-

dynamic forces), certain additional information is required. (See ref. 6.)

L4
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This information may take the form of span influence functions ¥(y)
modified by static aeroelastic effects, or may reguire certaln cross-
correlation functions or cross spectra between the gust forces and the
dynamic forces, depending on the individual case.

The assumption that the indicial-response influence function h(t,y)
can be written as a product of functions of time only and distance along
the span only is based on the reasoning of reference 6. This reasoning,
in turn, is based on the observation that, according to the available
information for the 1lift distributions due to sinusoidal motions (and,
hence, those due to indicial motion), the 1ift distribution tends to be
substantially invariant with frequency (or time) except for an overall
factor. Inasmuch as this information is confined to unswept wings, this
assumption may not be valid for swept wings.

Application of the Results

In this paper the rolling moments and yawing moments have been cal-
culated for a wing due to the u, v, and w components of turbulence.
If the turbulence is isotropic, these components are statistically inde-
pendent at a point. 1In any practical application, all three components
are always present and the wing rolling and yawing moments due to the
combined action of the three components must be known. In isotropic
turbulence, the cross correlations between u and w and between v
and w 1in the horizontal plane are zero, although u and v have a
nonvanishing cross correlation. Thus, the moments due to v and w can
be added directly, but, if horigontal-gust effects are to be taken into
account, not only the moments due to u calculated herein but also the
moments which arise from the cross correlation between u and v should
be added to the others. However, there is reason to believe that the
horizontal-gust effects on the lateral moments are generally very small,
so that neglect of this cross-correlation effect is usually justified.

The rolling and yawing moments due to ug and Vg considered herein

are only those contributed by the wing but, inasmuch as the lateral moments
contributed by the fuselage and tall as a consequence of these two com-
ponents of gusts are generally very small, the results given here may,

in general, be used to represent the lateral moments on a complete air-
plane due to these two gust components.

Similarly, the rolling and yawing moments of a complete alrplane due
to the v-component of gusts depend not only on the wing contribution
considered here but also on the contribution of the vertical tail,
which can be calculated in a straightforward manner. For instance, a
method of calculating the yawing moments and side force on a fuselage
and vertical fin due to side gusts is found in reference 17.
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Although the contribution of the horizontal component of gusts to
the lateral moments appears to be small compared with the other two com-
ponents, it should be kept in mind that the effect of this component
increases as the square of the trim angle of attack. (See eq. (57).)
For conventional airplanes in the landing configuration and for verti-
cally rising airplanes in the transitional stage, the effects of hori-
zontal gusts may well be predominant in calculations of the forces,
moments, and motions due to turbulence.

CONCLUDING REMARKS

The ccrrelation functions and power spectra of the rolling and yawing
moments on an alrplane wing due to the three components of continuous
random turbulence have been calculated. The rolling moments due to the
longitudinal (horizontal) and normal (vertical) components depend on the
spanwise distributions of instantaneous gust intensity, which were taken
into account by using the inherent properties of symmetry of isotropic
turbulence. The results consist of expressions for the correlation func-
tlons and spectra of the rolling moment in terms of the point correlation
functions of the two components of turbulence.

Specific numerical calculations were made for a pair of correlation
functions given by simple analytic expressions, which fit available
experimental data very well. Calculations were made for four 1lift dis-
tributions and the differences in the results calculated for these dis-
tributions were small. By comparison with the results calculated herein,
the results of previous analyses for which 1t was assumed that random
turbulence along the flight path and variations of turbulence across the
span were linear have been shown to be valid only when the ratio of the
span to the integral scale of turbulence (about 1,000 to 2,000 feet) is
small.

A comparison of the power spectra of the rolling moments due to
horizontal gusts and those due to vertical gusts showed that the vertical
gusts were predominant at small values of trim angle of attack (or trim
1ift coefficient); however, the relative effect due to horizontal gusts
increased as a function of the square of the trim angle of attack.

The rolling moment due to lateral (side) gusts, which is small, was
expressed in terms of the instantaneous value of the gust at representa-
tive points on the wing, so that the effect of spanwise variation in gust
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intensity was ignored. The yawing moments were considered to be propor-
tional to the rolling moments, the constants of proportionality being
given by simple aerodynamic relations.

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va., September 6, 1956.
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APPENDIX
EVALUATION OF THE ELLIPTIC INTEGRAL WEIGHTING FUNCTION

The evaluation of the integral weighting function I'(nq) involves
the integral given by equation (21):

1-
I'(n) = f ! 7(y1*) 7(yl*+n) dyl*

For the case of the elliptic distribution of the additional span loading
factor,

ry¥) = 2 0 - 2

and the integral weighting function to be evaluated becomes

r(n) = (%)2 f:lL-n (yl*)(yl* + n)\/l - yl*QJJi (yl* + n)2 dy, *

Under the substitution

2y1* + 1 2y* + 1
X = =
2 -1 o}

the integral may be written as

2
r(n) = 6—2)

1
<2é">jil(ax-n)(8x+n)1-%(6x-n)2{l-i(8x+n)2dx
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Inasmuch as 1 - z2 = (1 - z)(1 + z),

Bla-q\ [* 1g, 1 lg 1 logad
o= (2[5 [ - - do oo do g pe- et
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With the notation k = —o— = 221

2 + 1 2 + n’

(2 - n)%x2 - n%l\ﬂl - kx) (1 + x)(1 - x)(1 + kx) ax

r(n)

32 2 1
2w (2+n)f_l

[
|

-8 B2+ fl —(2 - )22 - ne]\/(l - k2x2)<l - x2> dx
o L .

22

where the integrand may be seen to be an even function of the variable x.
Multiplying numerator and denominator by the radical and expanding yields

6l 2 2 [t %6 dx a2l 2 2, 2| [t x+ ax
r(n) = 22 - 932 + n) {K¥(2 - 7) -k 2+ )+ (2-19) +1q ———
x2 { /; \/(l - x2)(1 - x2) ! ]“/;’ (2 - x2x2)(1 - x2)

1 2 1
2 %< dx dx
&2—11) +n2+n2k€IL ———————\/4—-112/
0]

(1 - x222) (2 - x2) (1 - x22)(1 - x2)

The integrals may be recognized as elliptic integrals in powers of xen
for which the closed-form solutions may be found in reference 16, for
example. In terms of the standard elliptic integrals (in Jacobi's nota-

tion) of modulus k = EL:—ﬂy
2 + 7

. K(k) = fol &

J2 - )@ - x2x2)
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which is defined as a complete elliptic integral of the first kind, and

which is defined as a complete elliptic integral of the second kind.
Tables of these integrals may be found in most mathematical handbooks
as well as in reference 16. In terms of these integrals, the solution
for the integral weighting function is found to be

2
r(n) = &2 - m232 + 1) li2—(-2—;1)——{(8 + 362 + MK(K) - (8 + TR2 + 8k)+>E(k)J -
72 156

2 2, .2
k2 [(2 +1) +(2-1) + n:l [j(e + k2>K(k) - 2(1 + k2>E(k)} +
L
3k

2 2 _
2w +2”2 * lek1[K(k) - B(6)] - 1PK(K)

k

PN n){hn<n3 -3 - 1>K(k) + (4 + 9n2 - nl*>E(k)
1572 '
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TABLE I
VARIATION OF (y*)
Distribution ¥(7%)
Rectangular 6y*
Elliptic %? y*¥l1 - y*2
Parabolic 159%(1 - y*2)
Triangular .?Ay*(l - [y*’)
TABLE II
INTEGRAL WEIGHTING FUNCTION ['(n)
Distribution r(n) Limits
Rectangular 6(4 - 6n + 13) oSqpsoe
Elliptic 2‘_2__(2 + 1) [L‘,n(ne - 37 - l)K(k) + 0 é 1 5 o
15x2
(4 + om® - n“)E(k;
Parabolic (64 - 33602 + 28003 - k2nd + 3n7) 0SS
%?(2-10n2+5n3+5n“—5n5) oSns1
Triangular
§§§(8 - 20m + 1002 + 570 - 5nt + 13) 157352

15
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Vg

z

(a) Wing passing through three-dimensional turbulence.

—— -— Longitudinal components, f(r)
f—r —
t i L_ateral components, g(r)

(b) Components of turbulence as a function of distance r.

Figure 1.- Sign convention and stability axes of a wing passing through

a turbulent velocity field. Arrows denote positive direction, where
applicable.
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(a) Horizontal gust components.
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(b) Side gust components.

Figure 2.- Schematic drawing of the relationship between the components
of horizontal and side gusts at any two arbitrary points.
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Figure 5.~ Power spectra of lateral and longitudinal components of
isotropic atmospheric turbulence.
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(a) Rectangular span loading.

Figure 7.~ Power spectra of rolling moment of wing due to vertical gusts.
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(c) Parabolic span loading.

Figure 7.~ Continued.
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Figure 9.- Power spectra of rolling moment due to horizontal gusts.
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(b) Elliptic span loading.

Figure 9.- Continued.
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Figure 9.- Continued.
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